Introduction
Witt vectors play an important role in several branches of mathematics. Combinatorial considerations led to the study of certain q-deformations over spec Z[q] of the big Witt vector scheme W over spec Z, c.f. [O2] . In the present note we consider another and simpler q-deformation of W to a non-unital ring scheme W (q) . The main result asserts that W (q) enhanced by a Frobenius lift, Verschiebung and the choice of a coordinate for the first component is the universal deformation over reduced bases of W with the corresponding structures. It follows that the triple (W , Frobenius lift, Verschiebung) has no deformations within unital ring-schemes and a one-parameter deformation in the non-unital category with parameter "space" G a /G m over Z [q] . The q-deformation of [O2] turns out to be isomorphic to W (q) .
Over non-reduced bases the deformation theory of the triple (W , Frobenius lift, Verschiebung) is richer and Theorem 3 in section 4 allows to determine it in principle. The theorem also allows a simple proof of the decomposition theorem W S·T = W S • W T for coprime divisor stable sets S and T due to Auer, c.f. [A] . At the end of section 5 we discuss the deformations of W for integer values of q studied in [L] and [O1] .
Throughout the paper we work with Witt vectors for divisor stable sets. Since in general Frobenius and Verschiebung are not endomorphisms of those, one needs to work with projective systems of rings indexed by divisor stable subsets. As our main technical tool we prove a Cartier-Dieudonné theorem for them. A direct proof is given in section 3. A more conceptual proof is also possible using the theory of Witt vectors for certain inductive systems of rings which is developed in the appendix. This theory is a very natural generalization of Witt vector theory for individual rings and may be of independent interest.
q-deformed Witt vectors
Convention: In this note all rings and algebras will be commutative and associative but not always unital. As usual "non-unital" means "not necessarily unital".
A non-empty subset S of the natural numbers N = {1, 2, . . .} is called divisor stable if n ∈ S and d | n imply that d ∈ S. In particular 1 ∈ S. For n ∈ S the sets S/n = {ν ∈ S | νn ∈ S} ⊂ S and S(n) = {ν ∈ S | n ∤ ν} ⊂ S are again divisor stable. We assume that the reader is familiar with the rings of S-Witt vectors W S (A) defined for all commutative rings A. The ring W S (A) is unital if and only if A is unital. Set theoretically W S (A) = A S and hence W S is a (unital) ring-scheme over spec Z whose underlying scheme is A S = spec Z[S]. Here Z[S] = Z[t n | n ∈ S] is the free commutative unital algebra on the set S or in other words the polynomial algebra in indeterminates t n for n ∈ S. The values of co-addition and co-multiplication on the generators n ∈ S are the Witt polynomials Σ n and Π n defining addition and multiplication in W S (A) = A S i.e.:
Here x ν = t ν ⊗ 1 and y µ = 1 ⊗ t µ . For every divisor stable subset S ′ of S there is a natural projection morphism π : W S → W S ′ of ring-schemes. There is a morphism s : W S ′ → W S of schemes such that π • s = id. Equivalently π : W S (A) → W S ′ (A) is surjective for all rings A. For n ∈ S Verschiebung V n : W S/n → W S is an additive morphism which fits into an exact sequence 0 −→ W S/n Vn −→ W S π − → W S(n) −→ 0 .
Since W {1} = G a additively, it follows that for finite S the underlying additive group scheme of W S is an iterated extension of G a 's. In particular W S ⊗ Q is a commutative unipotent group scheme over spec Q and hence the logarithm provides an isomorphism log : W S ⊗ Q ∼ − → T 0 W S ⊗ Q of additive group schemes over spec Q c.f. [DG] IV, § 2 n o 4 Proposition 4.1 (iii). Here T 0 W S is the tangent group scheme to W S along the zero section. It is canonically identified with A S with componentwise addition. Consider the morphism S : A S → A S which on A-valued points maps (
is induced by a unique additive morphism
This is the so-called ghost map. Explicitly, we have
on A-valued points. The preceding assertions also hold for arbitrary S as one sees by taking the projective limit over the finite divisor-stable subsets S 0 of S. In the standard approach to Witt vector theory, the ghost map is used to define the ring-structure. A new approach giving the ring-structure directly was introduced in [CD] . The morphism log S is a morphism of (unital) ring-schemes if the ring-scheme structure on T 0 W S ∼ = A S is defined componentwise and A 1 carries the standard ring-structure. With the identifications
These are also the components of the formal logarithm with Jacobian S for the formal |S|-dimensional group-law determined by the polynomials Σ n for n ∈ S.
Remark. The map S : A S → A S on the product ring A S is additive. Viewing the elements of A S as formal power series in x over A with exponents in S we have S = x d dx . In this context recall that if additively W (A) is viewed as the formal multiplicative group of power series over A the ghost map is given by x d dx • log. We now recall the Frobenius and Verschiebung morphisms. For n ∈ S, the Frobenius morphism F n : W S → W S/n is a morphism of ring-schemes. The following relations hold in an evident sense
For a prime number p ∈ S, the Frobenius morphism F p reduces mod p to the p-th power map: the following diagram commutes for all rings A
Here the vertical maps are the reduction maps mod p. Of course the bottom line could also be replaced by
Finally consider the functor P on rings defined by P (A) = (A, ·). It is represented by the monoid scheme P = spec Z[t] with co-multiplication ∆ • and co-unit ε 1 determined by ∆ • (t) = t ⊗ t and ε 1 (t) = 1. The Teichmüller map is the multiplicative morphism
Here δ ν,µ = 1 if ν = µ and δ ν,µ = 0 if ν = µ. For every commutative unital ring R, the whole situation can be base-changed to spec R and we then speak of Witt vector schemes over R etc.
We now describe two deformations of Witt vector theory which will later turn out to be isomorphic and universal in a suitable sense. 
S . They have the same properties as the ones recalled above for the usual Witt vector schemes. In particular the commutative group schemes W (q) S are unipotent over spec Q[q] and hence there is the log-isomorphism log :
S is the tangent group scheme to W (q) S over spec Z[q] along the zero section. As before T 0 W (q) S ∼ = A S canonically and we have the morphism S defined as before. The additive isomorphism
On A-valued points the induced (ghost-)map
S is given by the formula
Note here that a * n = q n−1 a n for a ∈ A, n ≥ 1 by definition of the qtwisted multiplication in A (q) . The map log S in (2) is a ring-homomorphism if on the right we view (A (q) ) S as a ring under componentwise addition and multiplication. On the left we take the ring-structure on the set A S coming from the identification W (q)
It follows that the universal polynomials for addition and multiplication and the Frobenius and Verschiebung morphisms are obtained from the usual ones by multiplying the variables by q and dividing the resulting polynomial by q.
where x * y = qxy as above. It is represented by the semigroup scheme
The base change to Z[q, q −1 ] is a monoid scheme with co-unit ε 1 (t) = q −1 . There is a unique morphism ω (q) : P (q) → W 
Base changed to Z[q, q −1 ] the map ω (q) becomes a morphism of monoid schemes.
Remark In [L] and [O1] certain q-deformations of W over spec Z were studied for integer values of q. The ghost map is the same as above but the induced multiplication on the Witt vectors is different since the ghost side is viewed as the ring A S and not as (A (q) ) S . The additive structure is the same though. . It is defined as follows: There is a unique functorial ring structure on A S for all Z[q]-algebras A such that the following "ghost" map is a homomorphism of non-unital rings
It follows from Propositions 6.1 and 6.2 of [O2] that there are unique Frobenius and Verschiebung morphisms F n :
that correspond via the ghost maps to the maps
They satisfy the same relations as for the usual Witt vectors and in particular F p reduces mod p to the p-th power morphism. The modified log-morphism
and on A-valued points it equals G S . Writing
The universal polynomials describing W 1−q S are more complicated than the ones for W (q) S . For S = {1, p} for example they are the following:
For the integrality of r(q) note that
In [ 
A variant of the Cartier-Dieudonné lemma
In this section we prove two technical results which are the basis for the deformation theory of the Witt vector scheme in the next section. For a divisor stable subset T of N we write S T to signify that S is a divisor stable subset of T . LetÃ = (A S ) S T be a projective system of rings on T i.e. a contravariant functor from the ordered set {S T } viewed as a category to the category of (commutative) unital or non-unital rings. For S 1 S 2 T we denote the transition maps simply by π : A S 2 → A S 1 . We say thatÃ is equipped with commuting Frobenius lifts if for all prime numbers p ∈ S T there are ring homomorphisms
with the following properties: 1) For all a ∈ A S we have the congruence
2) The F p are natural in the sense that for p ∈ S 1 S 2 T the diagram
3) For prime numbers l with pl ∈ S T , the diagram
commutes.
For each n ∈ S we define F n :
1 · · · p νr r is the prime decomposition of n. By 2) this is well defined and the naturality and commutation properties 2) and 3) then hold without the assumption that p and l are prime numbers. Morphisms of projective systems of rings on T with commuting Frobenius lifts are defined in the obvious way and we obtain a category RF T both in the unital and in the non-unital cases. Note that for a ring A, Witt vector theory gives us an objectW (A) := (W S (A)) S T of RF T . Generalizing a well known fact from the theory of Witt vector rings we show thatW has the following universal property:
The morphism α is functorial inÃ. Explicitly it is given as follows. The composition of α S : A S → W S (A) with the (injective) ghost map log S : W S (A) → A S is given by the formula
Here π denotes the map π :
Proof. We have to show that there is a unique family of ring homomorphisms α S : A S → W S (A) for S T which commute with the projections π and the Frobenius maps. Since A has no T -torsion by assumption, the ghost maps
give isomorphisms onto their images X S (A) := log S (W S (A)). On the ghost side the projection π : X S 2 (A) → X S 1 (A) for S 1 S 2 is induced by the projection A S 2 → A S 1 . The Frobenius map
is the restriction of the map
The uniqueness assertion follows from the next claim:
Claim There is a unique family of ring homomorphisms
commuting with the respective projections π and Frobenius maps F p . It is given by the formula
where π : A S/n → A {1} = A.
As for the uniqueness and formula (3) we argue as follows. Write
Consider the commutative diagram:
We find
Here the final equality is due to the commutative diagram where
Thus β = (β S ) must be given by (3). It is straightforward to check that (3) does indeed define the desired family of maps.
For the proof of the proposition it remains to show that β S (A S ) ⊂ X S (A) for all S T . Thus for every a ∈ A S there have to be (uniquely determined)
For this we prove the following stronger statement by induction on n ∈ S.
Claim Given n ∈ S and b ∈ A S , there exist elements
For n = 1 we take b 1 = b. Assume that the claim holds for proper divisors of n. For any prime divisor p of n we then know that
where the π's are projections A S/dp → A S/n . By assumption
and therefore
Here we have used the fact that α ≡ β mod p implies that
Here and in the following the notation d | = n means that d | n and d = n.
For the last step, note that if
Since p | n was arbitrary we conclude that
Hence an element b n ∈ A S/n can be found so that (5) holds. The explicit formula for log S • α S shows that α = (α S ) depends functorially onÃ.
Remark In the appendix we sketch a theory of Witt vector rings for ind-rings which elucidates the somewhat ad hoc proof of Proposition 1.
In general the morphism α in Proposition 1 will not be an isomorphism. For this more structure is required. We call a projective systemÃ = (A S ) S T continuous if for all S T we have A S = lim ← −S0 S A S 0 where S 0 runs over the finite divisor stable subsets of S. Note that for finite T continuity is automatic. Consider the category RFV T whose objects are continuous projective systems A = (A S ) S T of rings on T with commuting Frobenius lifts F p together with Verschiebung maps for all prime numbers p ∈ S T
with the following properties: 4) The V p are additive homomorphisms which are natural in the sense that for p ∈ S 1 S 2 T the diagram
commutes. 5) For prime numbers l with pl ∈ S T the diagram
For any prime l with l = p and pl ∈ S T the diagram
commutes. 7) There are exact sequences of additive groups
Morphisms between objects of RFV T are defined in the obvious way. For a ring A, Witt vector theory gives an objectW (A) = (W S (A)) S T of RFV T .
Proposition 2. Assume that forÃ in RFV T the ring A = A {1} has no T -torsion. Then the morphism α :Ã →W (A) in RF T from Proposition 1 defines an isomorphism in RFV T . In particular it is an isomorphism in RF T .
Proof. The main point is that for any prime p ∈ S T the diagram
commutes. Since A has no T -torsion, the ghost map log S on W S (A) is injective and hence it suffices to show that we have
For a ∈ A S/p , using the explicit description of log S • α in Proposition 1 we find, setting δ p|n = 1 for p | n and = 0 for p ∤ n:
Namely, for p ∤ n we have, by 6) and 7) above
Using 6) again we therefore find
Thus we have shown (7) and hence (6). Combining (6) and 7) we get a commutative diagram with exact lines for all p ∈ S T
Since α {1} = id, an induction with respect to |S| now shows that α S is an isomorphism for all finite S. The general case follows by the continuity ofÃ andW .
Universality of Witt vector schemes
As before, fix a divisor stable subset T ⊂ N. Consider a projective system M = (M S ) S T of affine commutative ring-schemes M S = spec B S over a base ring R. As before, the transition maps are denoted by π. We say thatM is equipped with commuting Frobenius lifts if for all prime numbers p ∈ S T there are morphisms of ring-schemes over R
such that for all R-algebras C, the projective systemM (C) = (M S (C)) S T together with the maps F p (C) is an object of RF T . In particular the relations
The ensuing category is denoted by RF T /R . We may view its objects as the "representable functors" from the category of R-algebras to RF T . We define another category RFV T /R as follows. Objects are continuous projective systemsM in RF T /R equipped with morphisms of the underlying additive group schemes V p : M S/p → M S for all prime numbers p ∈ S T such that on R-algebras C one gets objects of RFV T . Morphisms are the evident ones. In particular
is exact and π is (scheme-theoretically) split. We may view the objects of RFV T /R as the representable functors from the category of R-algebras to RFV T .
Given any affine ring-scheme M = spec B over R, the functor
{R-algebras} −→ {rings} is an affine ring scheme over R with underlying scheme M S = spec B ⊗S . The Witt-vector Frobenius and Verschiebung maps for all prime numbers p ∈ S
for the rings M (C) where C runs over R-algebras come by the Yoneda lemma from morphisms of ring schemes
By the usual Witt-vector theory we see that equipped with the F p 's (and V p 's) the projective system of ring-schemesW M := (W M S ) S T becomes an object of RF T /R resp. RFV T /R .
We need a technical condition in the following:
Definition An objectM in RF T /R or RFV T /R has no Hopf T -torsion if for M = M {1} the abelian groups M (R), M (B S ) and M (B S ⊗ Z B S ) have no T -torsion for all S T where M S = spec B S . Proof. For the class C of R-algebras C with M (C) T -torsion free, Propositions 1 and 2 ensure the existence of unique morphisms in RF T (resp. isomorphisms in RFV T )
Moreover they are functorial in C ∈ C. We only need to show that the functorial ring homomorphisms α(C) S : M S (C) → W M S (C) come from uniquely determined morphisms of ring-schemes α S : M S → W M S which commute with the maps π, F p , V p 's. SinceM has no Hopf T -torsion, the existence of α S follows from the next version of the Yoneda lemma applied to F = M S , G = W M S and the class C above. Another application of (the first part of) the lemma shows that the α S 's commute with π, F p , V p . Lemma 4. Let F = spec A and G = spec B be two affine ring-schemes over R. Assume that for a class C of R-algebras there are functorial ring homomorphisms for all C ∈ C,
If A ∈ C, then there is a unique morphism of R-schemes α : F → G which induces α(C) for all C ∈ C. If in addition R ∈ C and A ⊗ R A ∈ C, then α is a morphism of ring-schemes.
Proof. The morphism spec α ♯ : F → G induced by
induces the given maps α(C), since for ψ ∈ F (C) = Hom R-alg (A, C) we have
On the other hand, this equation applied to C = A, ψ = id implies that α ♯ = α(A)(id) is unique, hence α := spec α ♯ is unique as well. Since α(C) is an additive (multiplicative) map for C ∈ C and since α(
where ∆ is the co-addition (co-multiplication) on A resp. B. If A ⊗ A ∈ C, we can apply this to C = A ⊗ A and id ∈ Hom(A ⊗ A, A ⊗ A) and obtain
If R ∈ C, then α(R) = (α ♯ ) * and from α(R)(0) = 0 we get (α ♯ ) * (ε A ) = ε B i.e. ε B = ε A • α ♯ for the co-zeroes (or co-units) ε A and ε B of A and B.
We end this section with an application of Theorem 3. Two divisor stable subsets T 1 and T 2 of N are coprime if and only if T 1 ∩ T 2 = {1}. In this case the set T 1 · T 2 = {nm | n ∈ T 1 , m ∈ T 2 } is again divisor stable. Lenstra conjectured and in [A] Auer proved that there are natural isomorphisms of functors on unital rings
Let us explain how this follows from Theorem 3. For S T 1 set
For n ∈ S we have (S · T 2 )/n = (S/n) · T 2 . Hence the usual Witt vector Frobenius and Verschiebung morphisms give morphisms
Using them we obtain an objectM = (M S ) S T 1 of RFV T 1 /Z with M := M {1} = W T 2 . The coordinate rings B S of all M S are polynomial algebras over Z and so are B S ⊗ Z B S . The ring W T 2 (A) is a subring of A T 2 via the ghost map if A has no T 2 -torsion. Therefore if A has no Z-torsion it follows that M has no Hopf T 1 -torsion. Hence we can apply Theorem 3 b) and obtain a uniquely determined isomorphism
in RFV T /Z with α S = id for S = {1}. In particular we get a natural isomorphism
The Witt vector functor W S transforms short exact sequences
of rings into short exact sequences of rings
Hence the isomorphism (10) is also valid on non-unital rings (they are kernels of surjections of unital rings). Applying (10) to A (q) for Z[q]-algebras A we obtain an isomorphism of ring-schemes over spec Z[q]
Note that for T 2 = {1} this holds by definition.
Deformations of Witt vector schemes
In this section we prove universality over reduced bases for the q-deformation W (q) introduced in section 2 and show that W (q) is isomorphic to W 1−q .
For an R-algebra C and an element r ∈ R we denote by C (r) the ring with underlying additive group (C, +) and twisted multiplication x * y = rxy. The ring C (r) is unital if and only if r ∈ R × . In this case 1 C (r) = r −1 is the unity. Let G (r)
R be the ring-scheme over R defined by G (r) R (C) = C (r) for all R-algebras C. It is represented by the polynomial algebra R[t] together with ∆ + (t) = t ⊗ 1 + 1 ⊗ t and ∆ • (t) = rt ⊗ t .
Moreover ε 0 (t) = 0 and G (r) R is unital if and only if r ∈ R × . In this case the co-unit ε 1 is given by ε 1 (t) = r −1 .
In particular we have a non-unital ring-scheme G (q) over Z[q] and a unital ring-scheme G (q) over Z[q, q −1 ]. An element r ∈ R corresponds to a ring homomorphism Z[q] → R and we have
as non-unital ring-schemes over R. Similarly a unit r ∈ R × determines a ring homomorphism Z[q, q −1 ] → R and
as unital ring-schemes. For any two units r, r ′ ∈ R × the ring-schemes G (r) R and G (r ′ ) R are isomorphic in the category of unital ring-schemes. Now let r, r ′ ∈ R be arbitrary. In the category of non-unital ring-schemes G (r) R and G (r ′ ) R are isomorphic if and only if r ′ = ru for some u ∈ R × . There is a natural bijection
R ) and in particular an isomorphism of groups
R ) . Here Iso and Aut are taken in the category of non-unital ring-schemes over R. If r ∈ R is not a zero-divisor then Aut(G (r)
We denote by (G R and the chosen local coordinate t above. Consider two ring-schemes M 1 and M 2 over R whose underlying schemes are isomorphic to A 1 and which are enhanced by coordinates z 1 and z 2 in zero. We say that (M 1 , z 1 ) and (M 2 , z 2 ) are isomorphic if there is an isomorphism (necessarily unique) of ring-schemes ϕ :
R , t) if and only if r = r ′ . Proposition 5. Let R be a reduced ring and let M be a ring-scheme over R with underlying scheme isomorphic to A 1 and coordinate z in zero. Then there exists a unique element r ∈ R such that (M, z) ∼ = (G (r) R , t). If M is unital and we work in the category of unital ring-schemes, then r ∈ R × . Proof. We have M = spec R[z]. The ring-scheme structure of M corresponds to co-addition ∆ + , co-multiplication ∆ • , co-zero ε 0 and in the unital case a co-unit ε 1 . By the choice of z we have ε 0 (z) = 0. Set F (X, Y ) = ∆ + (z) and G(X, Y ) = ∆ • (z) where we set X = z ⊗ 1 and Y = 1 ⊗ z. Then F, G determine a one-dimensional polynomial ring law over R. Now the assertion follows from the next lemma.
Lemma 6. Let R be a reduced ring and F, G ∈ R[X, Y ] a one-dimensional polynomial ring law over R. Then there is a unique element r ∈ R such that
Proof. Let n ≥ 1 be the highest power of x in F (x, y). An inspection of the formula
shows that n = n 2 since R has no nilpotent elements except 0. Hence n = 1 and similarly for y. Thus F (x, y) = x + y + cxy for some c ∈ R .
By assumption there is a polynomial I(x) = −x+deg ≥ 2 such that F (x, I(x)) = 0. Since R is reduced, it follows that c = 0. Hence F (x, y) = x + y. Associativity of G implies similarly as for F that G(x, y) = rxy for some r ∈ R.
Remark Over non-reduced bases there are more one-dimensional polynomial ring laws than the ones in the lemma. Over R = Z[ε]/(ε 2 ) for example the polynomials F (X, Y ) = X + Y + εXY and G(X, Y ) = rεXY for r ∈ R define a different class.
Since we are interested in deformations of Witt vector schemes it is natural to introduce the full subcategory AFV T /R of RFV T /R whose objectsM satisfy M {1} ∼ = A 1 as schemes. We rigidify AFV T /R by considering the category AFV
For S T recall the non-unital ring scheme W Corollary 7. Let R be a reduced ring without T -torsion andM an object of AFV + T /R . In the non-unital case there is a unique homomorphism Z[q] → R such that there exists a morphism in AFV
The morphism α is uniquely determined and it is an isomorphism. In the unital case the corresponding assertions hold with
Proof. Since the sequence (8) is scheme-theoretically split and since M = M {1} is isomorphic to A 1 , it follows inductively that M S ∼ = A S as schemes if S is finite. Continuity ofM implies that M S ∼ = A S for all S T . Writing M S = spec B S , the algebra B S is therefore a polynomial algebra over R. Since R has no T -torsion by assumption and since M ∼ = A 1 we see thatM has no Hopf T -torsion. Now the corollary follows from Theorem 3 and Proposition 5.
Remark For fixed T it follows that (W (q) , t) over spec Z[q] (resp. spec Z[q, q −1 ]) is the universal deformation over reduced bases of (W, t) in AFV + T . We say that a ring homomorphism ϕ : Z[q] → R is determined up to a unit in R if ϕ(q) is determined up to a unit in R. Forgetting the coordinate of M we get Corollary 8. Let R be a reduced ring without T -torsion andM an object of the category AFV T /R . a) In the non-unital case there is a homomorphism ϕ : Z[q] → R which is determined up to a unit in R such that there is an isomorphism in
If ϕ(q) is not a zero-divisor in R then α is uniquely determined. In the general case the set of α's is parametrized by the stabilizer of ϕ(q) under the action of R × on R. b) In the unital case there is a unique isomorphism in AFV T /R
ThusW has no non-trivial deformations over reduced bases in AFV T .
Example 9. Recall the second family W g(q) S of q-deformed Witt vector schemes over spec Z[q] from section 2. Together with their Frobenius and Verschiebung structures and the first coordinate they makẽ
) by construction and this identification respects the preferred coordinates at zero of both sides.
It follows from Corollary 7 that there is a unique isomorphism
Moreover this is the only isomorphism ofW g(q) withW ( given by the formula
It is the same ghost map as for W (q) S (A) in formula (2) but on the ghost side A S is taken componentwise with the usual ring-structure (instead of (A (q) ) S as in (2)). Using Fermat's little theorem it is shown in [L] , [O1] that for any q ∈ Z there is a unique, possibly non-unital ring-structure on W q S (A) which is functorial in A such that Φ q S becomes a ring homomorphism. Moreover the usual Frobenius and Verschiebung operators for n ∈ S on the ghost side F n ((a ν ) ν∈S ) = (a nν ) ν∈S/n and V n ((a ν ) ν∈S/n ) = (nδ n|ν a ν/n ) ν∈S , induce corresponding morphisms on the Lenart-Witt side. It is immediate that all conditions forW q := (W q S ) S T to be an object of AFV + T /Z are satisfied except possibly for the property that F p should reduce mod p to the p-th power map for all primes p ∈ S T . It can be shown with some effort that this condition is satisfied if and only if no prime divisor of q is contained in T . Since W q {1} (A) = A as rings for any q ∈ Z, it follows from Corollary 7 that W q is uniquely isomorphic toW in AFV + T /Z if no prime divisor of q is in T . Thus in this case there are natural isomorphisms of rings
This fact is a special case of [O1] Theorem 14. If T contains a prime divisor of q then our theory does not apply toW q . Let us illustrate the preceding discussion with the case T = {1, p} where the calculations are easy. 
The Frobenius morphism
Thus the relation
for all rings A is equivalent to q p−1 ≡ 1 mod p i.e. to the assertion that p ∈ T = {1, p} is not a prime divisor of q. In this case the map
is an isomorphism of rings.
Appendix: Witt vectors of inductive systems of rings
We sketch a natural generalization of the theory of Witt vectors to ind-rings.
Let S ⊂ N be a divisor stable subset andÃ = (A n ) n∈S an inductive system of unital or non-unital commutative rings. This means that for n ∈ S and d | n there are ring homomorphisms
with π n,n = id and
Consider the set W S (Ã) = n∈S A n and the ghost map
Proposition 11. Assume that A n has no n-torsion for every n ∈ S. Then
By definition we get a 1 = b 1 . For n ∈ S, n = 1 assume that
and hence a n = b n since A n has no n-torsion.
Example If (x n ) = G S ((a ν )) and p ∈ S, then
The Witt polynomials Σ n and Π n for addition and multiplication depend only on the variables x d with d | n. Hence we can define addition and multiplication on W S (Ã) by setting
and similarly for multiplication. As in the usual case this is the only ring structure on the set W S (Ã) which is functorial inÃ and for which G S is a ring homomorphism if n∈S A n is equipped with componentwise addition and multiplication. Similarly the polynomials defining the usual Frobenius morphisms F n : W S → W S/n define commuting ring homomorphisms F n : W S (Ã) → W S/n (F n (Ã)) where F n (Ã) = (A nν ) ν∈S/n . There are also additive Verschiebung maps
is a surjective homomorphism of rings.
Example A ring A can be viewed as the inductive system A const where A n = A and π d,n = id for d | n, n ∈ S. Then W S (A const ) = W S (A) together with Frobenius and Verschiebung maps. We can also form the trivial inductive system A triv of nonunital rings with A n = A and π n,n = id,
additive group but with ring structure a * b = nab. Then W S (A const ) = ν∈S A (ν) , the product ring. The Frobenius map F n corresponds to the map
The ring W (A const ) appeared previously as W 0 (A) in [L] Corollary 5.9 (1).
For a divisor stable subset T ⊂ S and an inductive systemÃ = (A n ) n∈S there is a natural surjective ring homomorphism
Consider an inductive systemÃ = (A n ) n∈S . Then the following diagram is commutative:
We need the following construction. Given an inductive system of ringsÃ = (A n ) n∈S , we obtain another such systemW (Ã) by setting
and defining π d,n to be the composition
Here π : res
is the map with ν-th component π νd,νn : A νd → A νn . It follows from Proposition 12 that the maps F p equipW (Ã) with a commuting family of Frobenius lifts as in the Dwork lemma. The commutation property of the F p follows from the known commutation properties of the universal polynomials defining the Witt vector Frobenius morphisms. The surjective ring homomorphisms Universal property ofW In the situation of the Dwork lemma, assume in addition that A n has no n-torsion for each n ∈ S. Moreover we suppose that φ p commutes with φ l for all primes p, l ∈ S. This means that for every n ∈ S with p | n and l | n the following diagram commutes:
Then there is a unique morphism λ :Ã →W ( Proof. We first assume that λ satisfying the desired properties exists and determine its form. According to the Dwork lemma and Proposition 11, via the injective ghost map we have isomorphisms for all n ∈ S W (Ã) n = W S/n (F n (Ã)) ∼ = {(x k ) ∈ k∈S/n A nk | φ l (x k/l ) ≡ x k mod l v l (k) A nk for l | k, k ∈ S/n} , where l denotes prime numbers. In the following proof, we will view this isomorphism as an identification.
For m = p In the representation ofW (Ã) n/m andW (Ã) n on the ghost side via the Dwork lemma, the map F m is given by F m ((x k ) k∈S/(n/m) ) = (x km ) k∈S/n . For a ∈ A n/m consider the relation λ n (φ m (a)) = F m (λ n/m (a)) .
The property res • λ = id implies that λ n (b) 1 = b for all b ∈ A n . Hence φ m (a) = λ n (φ m (a)) 1 = λ n/m (a) m .
Setting ν = n/m, it follows that for all ν ∈ S, m ∈ S/ν and a ∈ A ν , we have λ ν (a) m = φ m (a), i.e. λ ν (a) = (φ m (a)) m∈S/ν . Thus we have seen that a map λ : A →W (Ã) with properties a) and b) must have the form λ = (λ n ) n∈S where λ n : A n →W (Ã) n = W S/n (F nÃ ) is given by λ n (a) = (φ k (a)) k∈S/n . On the other hand, setting x k = φ k (a) for a ∈ A n we have
Hence λ n (a) = (φ k (a)) k∈S/n is indeed an element ofW (Ã) n in the Dwork lemma description above. Clearly λ n so defined is a ring homomorphism with λ n (a) 1 = φ 1 (a) = a i.e. res • λ = id .
The maps λ n are compatible with the transition maps ofÃ andW (Ã) because the φ p are compatible with transition maps by definition. Finally, we have λ n (φ p (a)) = (φ k (φ p (a))) k∈S/n = (φ kp (a)) k∈S/n = F p ((φ k (a))) k∈S/(n/p)
i.e. λ n • φ p = F p • λ n/p . Here F m ((x k ) k∈S/(n/m) ) = (x mk ) k∈S/n . The property π n • γ n = α n implies that for a ∈ A n/m we have α n (φ m (a)) = π n (γ n (φ m (a))) = π n (F m (γ n/m (a))) = γ n/m (a) m .
Setting ν = n/m it follows that for all ν ∈ S, m ∈ S/ν and a ∈ A ν we have Remark Consider the map β = (β n ) :Ã →W (B) where β n : A n →W (B) n = W S/n (F n (B)) .
In the proof above we have seen that the composition of β n with the ghost map
is given as follows: For a ∈ A n we have the formula:
G(β n (a)) = (α kn (φ k (a))) k∈S/n .
